Metal-insulator transition in the one-dimensional Kondo lattice model 
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We study the usual one-dimensional Kondo lattice model (ID KLM) using the non-Abelian 
bosonization. At half-filling, we obtain a Kondo insulator with a gap in both charge and spin 
excitations which varies quite linearly with the Kondo exchange Jk- It consists of a Spin Density 
Glass state, or a q — n spin density wave weakly pinned by a nearly antiferromagnetically ordered 
spin array. Away from half-filling, the metallic system now yields a very small spin gap which is 
equal to the one-impurity Kondo gap Ti mp \ Unlike the one-impurity Kondo model, we will show 
that this Kondo phase cannot rule the fixed point of the ID KLM, away from half-filling. We rather 
obtain a normal heavy-fermion state controlled by the energy scale T coh ~ (T^ mp) ) 2 /t (t is the 
hopping term) with a quite long-range antiferromagnetic polarization. 

PACS NUMBERS: 71.27 +a, 75.30 Mb, 75.20 Hr, 75.10 Jm 
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I. INTRODUCTION 

The Kondo lattice model (KLM) consists of conduction 
electrons, ruled by the hopping term t, antiferromagneti- 
cally coupled to a spin array through the so-called Kondo 
interaction Jk Q. We are interested in this model for 
its possible applicability to the understanding of Kondo 
insulators like CeBi^Pt^ Q, and heavy-fermion mate- 
rials ||. As a first step, the one-dimensional version 
of the KLM (ID KLM) has been studied by renormal- 
ization group methods P]f|, exact analytic methods ||, 
numerical diagonalization , density matrix renormal- 
ization group (DMRG) |J, non- linear sigma model JTcj ] 
and bosonization methods [ljj-jl^]. 

A large Kondo coupling forces all conduction electrons 
to form on-site singlets with localized spins. Away from 
half-filling, the unpaired localized spins then effectively 
hop around on the background of singlets and surpris- 
ingly interactions in 0(t 2 / ' Jk) lead to incomplete ferro- 
magnetism On the other hand, the small coupling 

region Jk ft is of particular interest since correlation ef- 
fects are most important and remains very hard to han- 
dle. When Jk = 0, the conduction band is totally decou- 
pled from the spin array to form a paramagnetic band 
metal, resulting in gapless charge and spin excitations. 
However, the total system is highly degenerate because 
of the completely free localized spins. Once switched 
on, the Kondo coupling should lift the spin degeneracy 
leading to a complicated dynamics. Therefore, it is far 
from trivial whether the paramagnetic metallic phase at 
Jk = persists for finite Jk- 

It has been rather clearly established that at half- 
filling, the ID KLM, has a gap to both spin and charge 
excitations, leading to a Kondo insulator for any non- 
zero Jk PPHPI . At naive level, the tendency of these 
systems to form an insulator is a consequence of the 
Kondo effect, which admixes the spin scattering centers 
into the conduction sea, effectively counting each one as a 
quasiparticle. Kondo insulators are systems where, if one 



counts the spins of the array as electrons, there are an 
even number of electrons per unit cell. Those systems are 
then characterized by a large Fermi surface. The Kondo 
process works as an effective on-site repulsion between 
conduction electrons. On the other side, such an insula- 
tor is known to be ruled by a quite long-range antiferro- 
magnetic ordering with wave vector q — tt Interest- 
ingly, the staggered susceptibility x(Q = 7r ) is predicted 
to diverge as Jk — * Jkc = 0, although x(l = 0) = 
since the ground state is a singlet with a gap to spin ex- 
citation ||. Such a Kondo insulator does not belong to 
the well-known class of spin liquid states, where the spin 
correlation functions decay exponentially. 

The behavior away from half-filling remains contro- 
versial. Numerical studies available until now, support 
the picture of a Tomonaga-Luttinger (TL) liquid ji~7 18 
with dominant correlations determined by the conduc- 
tion electrons, which we may call "RKKY liquid" [[l9] ^lj . 
But, at this moment, it should be mentioned that system 
sizes used for the numerical studies are not sufficiently 
big to determine the low temperature properties Q . On 
the other side, the Abelian bosonization methods rather 
suggests, the possibility of an interesting phase with a 
metallic behavior and a spin gap Jl3|]. Finally, since the 
essence of the so-called normal heavy-fermion state lies in 
its quantum fluctuations, one-dimensional Kondo lattice 
should be a good test for understanding of the heavy- 
fermion state. 

In this paper, we properly re-investigate the ID KLM, 
using the non-Abelian bosonization methods |l4|,[l^] ■ Un- 
like the Abelian bosonization scheme Ju|, we hope to 
perturb the model around the isotropic Kondo interac- 
tion limit. We mention that all the difficulty with this 
model is to include collective effects occurring in the spin 
array at low-energy. Indeed, at high-energy, the magnetic 
impurities behave as independent scattering centers. To 
help the reader, we recapitulate now the main steps and 
the important results found in this paper. 
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• At half-filling, we will obtain a precise Kondo insula- 
tor, namely the Spin Density Glass (SDG) state, with a 
gap both in charge and spin sectors which varies linearly 
with Jk for non- interacting electrons. For the charge 
gap, a Jk -linear behavior has been suggested in rcf. ]2l| 
using DMRG methods. The resulting system consists of 
a q = 2kp spin density wave (SDW) weakly pinned by 
an antifcrromagnetically ordered spin array. The appear- 
ance of quite long-range order in the spin array shows ev- 
idence that the backward Kondo scattering processes are 
very coherent, and finally leads to a Kondo like localiza- 
tion of all the one-dimensional electron gas. A repulsive 
interaction U between electrons does not affect much the 
ground state. In one dimension, quenched disorder is 
known to have a great influence on a one-dimensional 
electron gas [^3|, and in particular leads to the so-called 
Anderson localization [^ij in the non-interacting case. 
We will analyze the stability of the SDG in presence of 
randomness. We will compare these results with those al- 
ready obtained in the ID Heisenberg-Kondo lattice model 
(ID HKLM) where the spins of the array are now coupled 
through a large Jh >> Jk Heisenberg Kondo exchange 

• Away from half-filling, we will prove the existence of a 
phase with a massless charge sector and a spin gap which 
is of the order in magnitude of the one-impurity Kondo 



energy scale T } 



(imp) 



e 1 /p Jk , where p is the density 



of states per spin. But, unlike the one- impurity Kondo 
problem |25|,^6|], we will show how such a phase cannot 
rule the fixed point of the Kondo lattice model away from 
half-filling. We will rather discuss the necessity of two 
energy scales in the Kondo lattice away from half-filling, 
in view to engender a very low-energy coherence in the 
spin array and finally to obtain a heavy-fermion fixed 
point. 

It is important to notice that both the SDG state and 
the heavy-fermion state are susceptible to occur near a 
magnetic instability. 



II. NON-ABELIAN FORMULATION OF THE 
MODEL: A PEDAGOGICAL STEP 



Our starting point is the Hamiltonian: 

+ j k c\ a {a^/2)c^.T t 

where the bare parameters obey (U, Jk) « t. Here, c\ a 
(cj jCr ) creates (annihilates) an electron of spin a at site 
i and is a spin ^ operator located at site i. A small 
U-Hubbard interaction between c-electrons has been in- 
troduced for more generality, and Jk describes the usual 
Kondo coupling. 



In view to preserve the SU(2) spin symmetry, we use a 
continuum limit of the Hamiltonian and we switch over 
to non-Abelian bosonization notations jl4|,[l5|. The rela- 
tivistic fermions c a (x) are separated in left-movers cl (T (x) 
and right-movers CR a {x) on the Fermi-cone. 

Ci ^ y/Hc( x ), c(x) = e- %kpX c R {x) + e lkFX c L (x) (2) 

Since we are interested in low-energy properties, we may 
linearize the dispersion of conduction electrons; the lat- 
tice step is now fixed to a = 1. The well-known spin- 
charge separation phenomenon takes place for U = 0, and 
the fermionic Lagrangian shows two different conserved 
currents for the charge and spin degrees of freedom, 



^La 2 



CL/3 



namely J c x =■ c\ a CLo(x) : and J c ,l 
and similarly for the right-movers. As usual, we have or- 
dered normally the current operators by subtracting any 
infinite constant. For non-interacting fermions (U = 0), 
the fermionic Hamiltonian can be summed up in two sep- 
arated Hamiltonians quadratic in currents. 

When U << t, we expect the spin-charge separation 
phenomenon to survive. Using the conventional Abelian 
representation, the charge Hamiltonian is equivalently 
described in terms of the massless scalar field $ c and 
its moment conjugate n c : 



(Jc,L + Jc.r) = (1/V^)9 x ^c 

(Jc,L - Jc.r) = (l/V^Hc 



(3) 



It gives the precise Hamiltonian: 

14, 



H c = dx 



2K n 



{d x <z> c y 



^ : (n c ) 2 



(4) 



-I- g 3 expliAkpx) cos(v87r$ c ) 



The coupling (x U generates the usual 4/cF-Umklapp 
process only relevant at half-filling, and the parameters 
u„ and K p which describe the TL liquid are given by 



UpKp = vp and — r- = vf + 2Z7 /it 
K„ 



(5) 



The Fermi velocity is vf = 2£sinfci?. Maintaining the 
SU{2) symmetry in the spin sector, it gives a k=l Wess- 
Zumino-Witten (WZW) Hamiltonian pTj: 



H, = 



2-KVp 



dx : J c , L (x)J CtL (x) :+(L^R) (6) 



For U = 0, the spin and charge degrees of freedom have 
the same velocity: physical excitations are still particle- 
hole excitations. However, when U ^ 0, the spin and 
charge sectors behave independently one from another. 
Excitations are collective excitations, namely spinons 
and holons. To treat the Kondo interaction, we need the 
complete representation for the conduction spin operator 
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S c ~ J c ,l(x) + J c .r(x) (7) 
+ a exp(i2kFx)tr(g.a)(x) cos(v / 27r < i > c)(a;) 

where a is a simple constant. Finally, the two relevant 
spin couplings come out as: 

A 2 (J c ,i(x) + J c , r (x))t(x) (8) 
+ A 3 exTp(i2kpx)trg.a(x). cos[v27r$ c (^)]T(a;) 

where Ai = 2,3 oc Jk are dimensionless parameters. 
The SU(2) currents J c ,l(r) have scaling dimension 1, 
while the matrix field g(x) and the charge operator 
cos[v / 27r ( I ) c(a;)] have respectively the scaling dimensions 
1/2 and K p /2. The distance between two magnetic im- 
purities is a = 1. Then, we may also take the con- 
tinuum limit with respect to the impurity lattice. The 
discrete character of the spin array can be ignored, and 
fi — > ar(x) |lj|. It will be useful to describe the coher- 
ence between spins of the array. We insist on the fact 
that it is very difficult to consider theoretically the pos- 
sible low-energy "dynamics" in the spin array, because 
magnetic impurities are completely decoupled at high en- 
ergy. 

III. COMMENSURATE FILLING 

We investigate the recursion equations of A2 and A3 up 
to the order J K . The current operators obey the so-called 
SU{2) k=1 Kac-Moody algebra @: 



+ ± S ab S'(z-z') 



(9) 



with f xyz — 1, and z = (x + vpt) is the Fermi-cone 
component. The impurity spin operators behave as hard- 
core boson ones and follow the Lie algebra: 



r a (x), t\x')} = if abc T c {x')6(x - x 1 ) 



(10) 



They commute on different sites. Consequently, using 
the equation: 



1 



du InL 



u = Vp.t 



Vp J u Vp 

we find, that A2 obeys the following beta function: 
d\ 2 



/3(A 2 ) 



A! 



dlnL 2nvp 



(11) 



(12) 



We realize, that it is completely equivalent to the beta 
function found in the usual one-impurity Kondo model 
p5| , ^6| . The exchange coupling A2, which involves the 
q = spin density operator, scales to the strong coupling 
regime at the one-impurity Kondo energy scale j^"™ p ' oc 
E c e~ 2 ™ F/jK , E c ~ t is the bare bandwidth cut-off. In 



that sense, A2 = \2S(x) and no correlation is expected in 
the spin array up to the energy scale T ~ j^ lm P) _ 

But, at half-filling, the q — 2kp spin density wave 
becomes commensurate with the lattice, and the term 
A3 which generates the backward Kondo scattering term 
should be strongly more relevant than the forward Kondo 
scattering term. To prove that explicitly, we adopt the 
following scheme. Due to the (— l) x factor in the term A3, 
the ground state is expected to be one in which the impu- 
rity spins t{x) are antiferromagnetically coupled. They 
would obey (t(x)t(x')) ~ const., and should exhibit a 
(quite) long-range order at T — > 0. This is the non- 
local order parameter which will define at half-filling the 
following coherent state: the Spin Density Glass (SDG) 
state. Indisputably, in ID, no true long-range order can 
persist, but quantum spin fluctuations would be mini- 
mized at the fixed point. 



A. Spin density glass (SDG) and magnetic instability 

The staggered operator A3 has a zero conformal spin. 
Then, to obtain the recursion law of A3, it is enough to 



treat {t 1 (x)} (i=x,y,z) as c-numbers (j l (x) 



■1) 



X 1 



labeling eigenstates of the Hamiltonian with static con- 
figuration of t 1 (x). The chosen representation indi- 
cates that no own excitation occur in the spin array, 
and that an antiferromagnetic polarization is created by 
the staggered operator A3. Then, to make the parti- 
tion function Z invariant under the cut-off transforma- 
tion a = 1 — > a' = e dlnL , the term A3 has to obey: 
Af(a') = A§(a = l)^)^*^ ■ It gives the important 
equation: 



(13) 



We obtain, that the backward Kondo scattering process 
A3 becomes strong at the energy scale: 



cx E c {J K /tf'^- K ^ » T% mp) 



(14) 



Indisputably, it dominates the low-energy physics, for a 

commensurate filling. Since it couples spin and charge 

degrees of freedom, this produces both a charge gap and 

(3) 

a spin gap of the order of . In fact, this conclusion is 
independent on the sign of Jk ■ Indeed, equation ([l3]) re- 
mains unchanged by the exchange A3 — ► —A3. However, 
the used formalism does not allow to conclude that the 
charge gap is larger than the spin one pyi"6||. The well- 
known spin-charge separation phenomenon disappears 
for any finite value of Jk ■ In the case of non- interacting 
electrons, Tjf' varies linearly with Jk (cf Fig.l), as in 
the strong Kondo coupling regime. The Kondo effect 
plays the role of a strong on-site repulsive interaction be- 
tween electrons. We also remark, that it increases with U 
(cf Fig.l); the electrons become more localized and the 
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ground state still more stable. 4£;^ -Umklapps become 
useless in the model; they would affect the physics at 
an energy scale ~ E c e~™ F / u « for (U, J K )«t. 
Finally, due to the cosine term in $ c , the renormalized 
exponent K* tends to 1/2 when T « T^ 3) . But, K* = 1 
since the Kondo exchange is supposed to be invariant 
per rotation. To understand more physically the ground 
state and excitation spectra, we use the Abelian repre- 
sentation of trga(x): 



(15) 



[sin(V27r$ ;j ), - cos(V27r$ s ), sin(v27r<I> s 



where $ s is the spin field and <E> S its dual field. For a 
static configuration of the spin array, the term A3 can be 
re-expressed as the two Sine-Gordon terms: 

J dx sm[V*K$ s {x)) cos[V2n<$>c(x)} (16) 

+ exp[-i\/27rl> s (x)] cosk/i^cfa;)] + (h.c) 
a z 

• Coherent ground state: The Hamiltonian is mini- 
mized when the fields $ c and <& s respectively take the 
values (2n + l)yV/2 and (2n + 3/2)y/n/2, and n is 
an integer. The ground state resembles a q — n spin 
density wave weakly pinned by an antiferromagnetically 
ordered spin array; we confirm a pioneer class of one- 
dimensional Kondo insulators, namely the SDG ("Spin 
Density Glass") state. The backward Kondo scattering 
processes are very coherent, and leads to a magnetic like 
localization of the one-dimensional electron gas. There- 
fore, the conduction electrons are subject to a quasi-static 
potential, as if there is a staggered spin moment. Finally, 
the Kondo coupling allows to lift the high degeneracy of 
the impurity lattice by minimizing the dynamics in the 
spin array. 

In the case of non-interacting electrons, density-density 
correlation functions decay as 1/x 2 . As could expected, 
the single enhanced order parameter (defining the elec- 
tron gas) which does not decay exponentially is the ir- 
SDW; Osdw(x) = [c\^cri + (h.c)](x). At long dis- 
tances: (Osdw{x)Osdw (0)) ~ as for a Heisen- 
berg chain. The one-dimensional electron gas has in- 
evitably enhanced q — tt spin correlations. The tt- 
charge density wave Ocdw(x) — [e^CRf + cL crjJ(:c) oc 

cos[\/27r$ s (a;)] cos[v / 2~7r$ c (x)] — > because the ground 
state obeys $ s = (2n + 3/2)-^tt/2. This last result 
does not seem in agreement with the authors of ref. 
|l3|| . In fact, they have used a particular solvable point 
A22 = vpTt, at which the backward Kondo scattering term 
has no real influence. But, since the term A3 flows to the 
strong coupling regime before A2, we conclude that the 
used solvable point has not a real significant meaning at 
half-filling. 

• Excitation spectra: The quantum numbers of the 
excitations are easily determined with the Abelian 



bosonization formalism. Solitons in the <i> s field are V27T 
phase slips, amounting to a state with spin S=l and 
charge Q = 1 (Fig. 2a). It implies the deconfinement of 
spinons in the TL liquid. Similarly, a <!> c soliton carries 
5 = and Q = 2. 



B. Short localization length 



The coherent state vanishes for a critical length £ c 
Vp/Tjf'. For a small Jk coupling, Eq.([i"3|) gives: 



1 



(17) 



It is the (small) length at which we must stop renor- 
malization. Since £ c is not large, there is no consequent 
overlap between spin singlets on neighboring sites at the 
fixed point (L — > +00). Now, we are rather interested 
in the delocalized phase for L < £ c . A small term A3 
changes the direction of propagation of particles, and it 
would modify the universal conductivity of the electron 
gas M: 



a = 2e 2 K p L/h 



(18) 



obtained by applying a static field over a finite part of 
the sample without magnetic impurities. The current DC 
conductivity obeys the scale invariance law: 



a(T) = o T- 



D m (T) 



(19) 



where D m ~ A3 generates the magnetic disorder, and the 
sign o refers to the fixed bare conditions. It gives: 



o-tTJocT^AaCT)- 



T 



2-K„ 



(20) 



Due to the influence of the staggered operator A3, the 
spin array is attempted to yield a very short-range an- 
tiferromagnetic polarization. Then, we can check that 
(Appendix A): 



<T) > 6G^ p (T) 



(21) 



where SGi mp cx T 



1 is the variation of conductance 
of the one-dimensional electron gas in presence of a sin- 
gle magnetic impurity. It shows that short range spin 
correlations in the array rather enhance the DC conduc- 
tivity, compared to the case where the spins were totally 

independent. Scatterings with impurities become impor- 

(3) 

tant only when T —> , leading to a sharp cross-over 
towards a localization phase: a long-range antiferromag- 
netic polarization in the spin array takes place. It proves 
the important result, that the SDG state can only occur 
near a magnetic instability. 

Finally, we suggest that the SDG remains quite stable 
by deleting a single impurity from the periodic array. 
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More precisely, the introduction of a single Kondo hole 
is expected to generate a localized spin S=l/2, which 
should bring a Curie component in the magnetic spin 
susceptibility jL(|. This conclusion is due to the fact 
that the free spin S=l/2 introduced in the conduction 

(3) 

band feels a charge gap of order ' imposed by the 
structure, but no spin gap. The Kondo effect plays the 
role of a strong on-site electronic repulsion. 



C. The Heisenberg-Kondo lattice: enhancement of 
quantum fluctuations 

Now, we compare this result with this obtained in the 
so-called Heisenberg-Kondo chain in which the im- 
purity spins are coupled through a large Hcisenberg ex- 
change term Jk << {Jh , t). In that case, it is convenient 
to use the following representation: 

f(x) ~ Jf,h{x) + Jf,n{x) + constant. (-l) x tr(f.a) (22) 

It has been well established, that the low-energy physics 
is still ruled by the term A3; but here, it obeys the fol- 
lowing recursion equation: 



(23) 



It still opens a mass gap oc E C (J K /t) 2 ^ 2 - K "'> for the 
charge and all the spin excitations. 




FIG. 1. Kondo gap for Jh = and Jh = t, and for two 
different values of the Hubbard interaction. We have used the 
notations x = Jn/t and K = K p . 

However, the ground state is quite different from that 
obtained above for Jh — and in particular yields a 
smaller gap in both charge and spin excitations (cf Fig. 
1). It rather resembles the disordered quantum spin liq- 
uid state of the two-leg spin ladder system pa]. It is 
known that low-energy excitations consist of a triplet 
branch S=l, and at higher energy of a singlet continuum. 



In Appendix B, we propose an effective action describing 
well such an insulator, for Jh ~ t: 



S, 



fS 



— I dx trd^gl 



1 [T^] m trg (24) 



7 = 1/2, u 2 oc v F l and x = (x, vpt). Here, the u-coupling 
becomes asymptotically free: 



(3{u) 



1 



dlnL 4tt 



(25) 



It means that the ground state is confined inside the char- 
acteristic length: 



T, 



(3) 



,+4tt 
exp(— - r ) 



(26) 



It confirms the loose of the long-range magnetic order 
due to incoherent quantum fluctuations in the spin ar- 
ray. Here, the spin array has its own dynamics, and the 
deconfinement of spinons takes place inside each spin sys- 
tem. The ground state is non-degenerate; it is immediate 

to observe that site Parity x — ► — x is not broken at an 

( 31 

energy T « (trg = 0). We remind that site Parity 
acts on g as g — > — g'. 



• Ground state and enhanced order parameters: We 
finally obtain the same short-range Resonating Valence 
Bond (RVB) state which does not possess any free spinon 
on a length as in the purely two- leg spin ladder sys- 
tem. However, the spin gap increases considerably by 
tuning K p from 1 (for a free electron gas) to (for a 
Heisenberg chain). When K p — > 0, we recognize a spin 
gap linear in the exchange coupling A3, that is typical 
of the two-leg spin ladder system. The charge degrees 
of freedom are completely frozen, that makes the RVB 
ground state more stable. 

Unlike the case Jh = 0, we can check that the stag- 
gered operator {—\) x trga cannot be relevant at the fixed 
point due to the presence of the term trg in the effec- 
tive action. The only order parameter which does not 
decay exponentially is the 2Uf CDW order: Ocdw = 
[c£|Cr| + Cj^CrjJ = trg(x) cos[-\/2tt^> c (x)] (in the non- 
Abelian bosonization formalism). At long distances, 
(Ocdw(x)Ocdw(0)) ~ const., since the field $ c is 
gaped and the ground state yields trg 7^ 0. In the spin 
sector, correlations are inevitably provided by massive 
spin S=l objects. To find their precise correlation func- 
tions, we have to use the following traceless representa- 
tion: 



g = icr.n 



= 1 



(27) 



Then, the effective action ( ffq ) becomes equivalent to 
the so-called 0(3) non-linear cr-model p8|. Excita- 
tions of this model are indisputably S=l particles. 
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The correlation functions are known to come out as: 
(n(x,t)n(0,0)) ~ K (Tjf V) + 0[exp(-3T^ 3 V)] and K a 

is a Bessel function |2^]. Finally, T^ 3 ' can be identified 
with the so-called Haldane gap. 



s=i 

\ excitation 

SDG 



antiferro 





CDW 



O 



Haldane gap 

FIG. 2. Schematic pictures of the SDG state (a) and the 
Heisenberg-Kondo ground state (b). The range of the mag- 
netic order in the spin array considerably decreases by in- 
creasing the Heisenberg exchange Jh- 

In the weak-coupling regime, we can check that the 
Heisenberg chain gives a DC conductivity a(T) oc 



T- 1 X 3 \T) ~ T 



1-K„ 



The spin array develops its own 



excitations (namely spinons) for T « Jh, and finally 
the impurities act independently one from the other in 
the local scattering processes. The small Kondo effect 
rather disturbs the confinement of spinons in the Heisen- 
berg chain. 



D. Influence of quenched disorder 

We have shown evidence of the effects of coherent scat- 
tering from many magnetic impurities which typically 
give rise to the "Kondo localization" (for Jh = 0). Now, 
we address the question: is this coherent regime survive 
to the presence of many non-magnetic impurities? 



SDW 


Triplet 


CDW 


Supra- s 



«a 



RAF Tri P let 



CDG 




Supra-s 



FIG. 3. (a) Phase diagram of the Tomonaga-Luttinger liq- 
uid, (b) Influence of quenched disorder. 

Indeed, it is well-known that a one-dimensional elec- 



tron gas is strongly submitted to the influence of disor- 
der; the effects of coherent scattering from many non- 
magnetic impurities lead to the well-known "Anderson 
localization" in the non-interacting case |^3|,Q ■ We find 
it useful to remind the phase diagram of the TL liquid, 
and the influence of disorder on it (cf Figs. 3) [Q (last 
ref.). Finally, we find it very interesting to reconsider 
the phase diagram of the TL liquid in presence of both 
magnetic impurities and quenched disorder. To discuss 
the role of random impurities on the SDG state, it is 
convenient to use the conventional Abelian bosonization 
scheme. For the standard renormalization group meth- 
ods, we refer the reader to the article of Giamarchi and 
Schulz |^3| (which discusses disorder in a TL liquid). 
We introduce the complex random impurity potential, 

Himp = / dx ^ x ) c Il c <tR + (M (28) 

with the Gaussian distribution of width — rii£{q = 
2k F f: 



(29) 



n.i is the small non-magnetic impurity density. We can 
omit forward scatterings, because the q=0 random po- 
tential just renormalizes the chemical potential and it 
does not affect the 2fcp SDW. 4fcj?-Umklapps can be for- 
gotten too since they do not have any influence on the 
charge sector, in presence of the backward Kondo scat- 
tering term A3. 

In its bosonic form, the Hamiltonian Hi mp comes out 



as: 

H imp ~ — !— / dx £_(x) exp 
27ra J 



(30) 



To treat commonly the quenched disorder, we use the 
famous replica trick. But, due to the restrictive defini- 
tion of t;(x), we are limited to a first order contribution 
treatment in D^. There is no coupling between different 
replica indices, which will be omitted below. If we want 
to treat precisely the cases where the interaction between 
electrons is rather attractive, we have to take also into 
account the usual Sine-Gordon term: 



H ss — J dx gi cos[v / 87r < l' s (a;) 



(31) 



with c/i oc U / (2~Ka 2 ). Finally, up to lowest orders in D^, 
A3 and gi , one now obtains a set of coupled renormaliza- 
tion group equations: 



dD 

la 

dl 



(3 
(2 



Ka 

2 



K p )D 



yD 



K, 



p -)y. 



3z 



(32) 
(33) 



G 



dy 3 ±_ 
dl 



(2 



2K„ 



— m± 



f -2(1-*.),. 



J/3* 



2/L 



V 2 )Kl 



dK, 



-2l[d- 

dl 2u„ L 
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Viz 



yLK 



(34) 
(35) 
(36) 
(37) 



with the notations 
Xav and y 



dl = dLnL, D = 2^%[^} K ° 



2-KU a 



— 91 

2-KUa 



and where we did not display 
equations irrelevant to the following discussions. These 
equations are valid for arbitrary K v . We can remark 
that no term like Dy$ z is generated perturbatively; no 
anisotropy between y 3z and y%± is engendered by ran- 
domness. 

As a first application of such a flow of renormalization, 
one can determine the phase diagram represented in Fig. 
4a. One can already observe that the point K p = 1 
and K„ = 1 is unstable. In presence of both magnetic 
and non-magnetic impurities, the free electron gas can- 
not yield a stable fixed point. More generally, there are 
four different phases. 



Kondo localization 
SDG 

© 



CDG 





K_ 






Haldane state 


AF 


Triplet 


1.5 


+ 

Triplet 


3 K p 


I 


J 5> 




Anderson localization 




Supra- s 


CDG 


Supra-s 
+ 




+ RAF 


AF 



FIG. 4. Phase diagram of the Tomonaga-Luttinger liquid 
in presence of both magnetic impurities and randomness, (a) 
Situation for Jh = established with the above renormal- 
ization flow, (b) Situation for Jh » Jk obtained in last 
ref.[15]. 

1. For K a < 1 and K p < 1: The pure TL liquid shows 
rather an enhanced 2kp CDW (cf Fig. 3a). We hope that 
the backward scattering processes with the non-magnetic 
impurities become crucial at low-energy. In that case, we 
may check that the disorder estimator D flows to strong 
couplings before the term A3 Z : we expect the so-called 
Anderson localization. The localization length due to 
randomness becomes very small: 



3-Ka—Ko 



(38) 



Although a precise strong coupling treatment is not pos- 
sible, we deduce that the fixed point is then ruled by 



D* — > +oo, y* — * — oo. This localized region can there- 
fore be identified as a weakly pinned CDW, also called 
the "Charge Density Glass" (CDG) (cf Fig.3b). Since 
y* — > — oo, the CDG is a nonmagnetic spin singlet, where 
localized single-particle states are doubly occupied. This 
description is available only when the repulsion between 
electrons is not too strong. 



2. For K a < 1 and K p > 3: One can remark that both 
D* — > and A| w — * 0. This is a delocalized region ruled 
by y* — ► — oo. There is a spin gap due to predominant 
Singlet Superconductor (SS) fluctuations. 

3. For K a > 1 and K p > 3: all D, y and 7/3 tend 



to zero at the fixed point, 
triplet superconductivity. 



This delocalized state favors 



4. In all other cases, backward scatterings with the 
impurity lattice remain prevalent. Using Eqs. ((3^), d33| ) 
and (34), we check that the term A3j_ and A3 Z scale to the 
strong coupling regime before the disorder parameter D. 
The Kondo localization still takes place because quantum 
fluctuations are considerably minimized in the spin array 
and £ c is small. Then, although the weak-coupling anal- 
ysis breaks down in this limit, we may predict that the 
fixed point should be governed by A^ — > +00, K* = 1 
and D* -> 0. 

We can compare this phase diagram with that obtained 
by introducing randomness in the ID Heisenberg-Kondo 
lattice (cf Fig. 4b). The disordered spin liquid state ob- 
tained at half-filling rather favors a 2kp CDW. In pres- 
ence of randomness, it must fight against the occurrence 
of the so-called CDG state. Anyway, the pinning of a 
CDW by a disordered quantum spin state is supposed to 
be less stable than the Anderson localization by disorder. 
Charge excitation gap is quite small. Then, it may ex- 
plain why the Anderson localization remains prominent 
in a large region of the phase diagram (if_, K p ). K- is 
the spin parameter which controls the high-energy singlet 
mode p (cf Appendix B). Shifting the singlet branch to 
infinity makes the spin liquid state more ordered: quan- 
tum fluctuations are minimized, and the Anderson local- 
ization can be finally suppressed. Spin excitations are 
now reduced to the classical ones S z — ±1. The problem 
becomes completely equivalent to that of two coupled 
Ising chains, and the topological order parameter which 
characterizes the disordered spin system remains finite 

mi: 

J'-l 

Um^j^+^iS- exp(in ^ S^S-) = {cos 



k=i-l 



(39) 



S are spin-1 objects. In the Anderson localization phase, 
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there is an entire separation between the one-dimensional 
gas pinned by randomness, and the Heisenberg chain 
which resembles more an antiferromagnet with random 
exchange (RAF). 



IV. INCOMMENSURATE LIMIT 

Even for a very small hole-doping, the 2kp oscillation 
is not commensurate with the lattice, and the term A3 
can be dropped out [fl5[ . A new kind of metal- insulating 
transition is expected to take place. 

At half-filling, we remind that the charge sector can be 
modeled by the following Hamiltonian: 



dx 



2K a 



UpKp 



OL 



(40) 



v e 



(_l)*[ Tfc (3)]3/2 cos( ^ $c) 



v is a simple constant. If we define incommensurability 
q such as 2(kp + q) = ir, the charge sector is expected to 
become massless for q > q c ~ ir/(2L c ), where 



ttvf 



2tt' 



v[T&]*/* 



(41) 



is the soliton length of the Sine-Gordon term. In the 
incommensurate limit, the forward Kondo scattering 
term becomes then relevant and the perturbation the- 
ory fails under the usual one-impurity Kondo energy 



scale: T, 



(imp) 



(x E r e~ 2lTVF l jK « T, 



(•i) 



In the follow- 



ing, the c-electrons are supposed to be non-interacting, 
and K p — > 1. We treat the case where excitations in the 
electron gas are particle-hole excitations. 

Now, since the system is metallic, only the fermions 
very close to the Fermi level are expected to participate 
in the q = Kondo process. They obey: 



e{k) =v F \k-k F \ « T } 



(imp) 



(42) 



Indeed, the renormalization group approach integrates 
out the high energy degrees of freedom. Away from half- 
filling, a small number of conduction electrons participate 
in the Kondo process. Per site, we just dispose of: 



(imp) 



t 



« 1 



(43) 



conduction electron to screen a magnetic impurity. We 
observe the well-known "exhaustion" phenomenon p9] . 

Therefore, one can suggest two possible antagonist 
senarii concerning the possible polarization of the spin 
array by conduction electrons, and more generally the 
fixed point properties. 

1- One can choose to forget the rare Kondo singlets to 
analyze the spin correlation properties: the low-energy 



physics is supposed to be governed by unpaired localized 
spins and c-electrons. In that case, one obtains a free 
electron gas defined by the density n e fj = (1 — n k ) and 
the Fermi velocity vp = 2t sin ^n e ff, weakly coupled to 
the non-screened spins of the array. The q = part of 
the spin sector is redefined as: 



Jt 



Jr 



_3A|_ 

2~KVp 



(44) 



A2 refers to the bare Kondo exchange. Since \% << Vp 
a very small part of the non-screened spins delocalize. 
Finally, "high-energy" electrons generate prevalently the 
so-called q = 2kp RKKY interaction ruled by(aA2) 2 /£ = 
J\jt. This result seems quite be well supported by nu- 
merical calculations |p],[l9|,p0| . 



2- In this paper, we rather argue that it is the Kondo 
process which generates the strongest correlations in the 
spin array. In fact, as in the usual one-impurity Kondo 
model, the characteristic energy scale: 



Vp 



T, 



(imp) 



« L 



1 



k — kf 



(45) 



must be taken into great account in the low-energy de- 
scription. It is considerably larger than £ c obtained at 
half-filling. Quantum fluctuations imposed by the Kondo 
screening process should be the most prominent. Finally, 
all the low-energy properties should be induced by elec- 
trons near the Fermi level. To show that, we will omit 
the high-energy electrons in the following. 

First, in Appendix C, we find it useful to remind why 
a heavy-fermion fixed point occurs in the one-impurity 
Kondo problem (also submitted to a metallic behavior 
and the spin gap T^ imp) ). Second, & also occurs as a 
relevant energy scale in the Kondo lattice model away 
from half-filling. It is then necessary to establish its ex- 
act physical meaning, but also to analyze possible irrele- 
vant operators (cf Appendix C) in this fascinating lattice 
model. 



A. Localization cloud in the Kondo lattice away 
from half-filling 

It is immediate to observe that £i has not the same 
meaning as in the one-impurity Kondo model. From an- 
other point of view, we rather observe that z = \jn k c 
magnetic impurities tend to interact with the same con- 
duction electron. The notion of screening cloud around a 
magnetic impurity has to be abolished. We also remark, 
that the situation is completely different from that de- 
scribed at half-filling, where the system was insulating 
and finally one electron per site n k = 1 was free to inter- 
act with a spin of the array. No irrelevant operator was 
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susceptible to occur in that context. Here, it is important 
to notice that: 

a 
vh 



za 



(46) 



Then, since the characteristic time Tk that needs a c- 
electron to screen a spin impurity obeys: 

h h 



T, 



(47) 



the physics for T < < y^ OTip ) ma y be thought as a collec- 
tion of independent "localization clouds" , inside which 
a single conduction electron is trapped by z >> 1 mag- 
netic impurities (cf Fig.SB). is the large time required 
for a Fermi electron to jump on neighboring sites. At 
first level, one can omit the hopping term (77, — > +00) to 
discuss irrelevant operators in a given localization cloud. 
Away from half-filling, only the electrons near the Fermi 
level are submitted to a magnetic Kondo localization. 

Then, one can make a simple relation of duality be- 
tween the one impurity Kondo model and the one- 
dimensional Kondo lattice one (cf Fig.5B). In each local- 
ization cloud, successive spin flips with the same conduc- 
tion electron located at x = % j, are attempted to gen- 
erate "similar" strong interactions between spins of the 
array, as those between c-electrons in the one-impurity 
Kondo model. As in the one-impurity Kondo model, 
these spin interactions are inevitably antiferromagnetic. 
Inside a given cloud i around a localized c-electron at 
% = x a _i, the following "2-particle" interactions may be 
engendered: 

SH S = -n /{ (x)/ T (a;)/j (x)f l (x) (48) 

Here, it is the single permitted irrelevant operator since 
the f-electrons are frozen on lattice sites (Uf — > +00). 
Unlike the one-impurity Kondo model, one cannot suc- 
cessfully use the non-Abelian bosonization formalism. To 
explore the nature of the strong-coupling regime, we just 
employ the well-known pseudo-fermion representation of 
the local moments ?(x) = ^f'(x)af(x). 



FIG. 5. (A) In the one-impurity Kondo model, successive 
spin flips with the localized spin lead to residual strong spin 
interactions between electrons. (B) In a given localization 
cloud of the Kondo lattice, successive spin flips with the same 
c-electron should also engender strong interactions between 
spins of the array. 

The following calculations do not consist of a rigorous 
proof, but rather suggest a new physical approach of the 
ID KLM, away from half-filling. n is now expected to 
play a crucial role. As in the one-impurity Kondo model 
(Appendix C), we obtain that: 



V : 



Range scale of irrelevant operators 



Fixed length scale 



(49) 



k 

L 



1 



(imp) 



T, 



5(x- 



To probe irrelevant operators, we have to consider a par- 
ticular localization cloud. Then, since we have the scaling 
argument L = 1/ \k — kp\ >> £i, interactions in a given 
localization cloud can be considered as <5-functions [ p6[ . 
It confirms that strong quantum fluctuations would be 
the key to generate "high-energy" irrelevant processes at 
very low-energy. It leads to strong short-range spin-spin 
correlations: 

(f(x)f(0)) ~ const. for x < & (50) 
(t(x)t (0)) ~ exp(-£i/x) for x > & 

This picture allows to give a simple relationship between 
the Kondo screening and the magnetic polarization of 
the spin array. Spatial correlations inside a localization 
cloud are assumed to be very strong. Rigorously, one can 
suppose a small spatial modulation of the spin correla- 
tions at short-distances. Finally, this sheme legitimizes 
to forget the high-energy electrons in the description of 
the ID KLM away from half-filling. 

In the ID HKLM (Jjj = t), a metallic phase with a 
tiny spin gap has been also found using the non-Abelian 
bosonization technique and confirmed by DMRG results 



A ! (i) 

: v 



(2) 



A A 



heavy 4'ermion 



(3) 



(A) SCREENING CLOUD (one impurity) 
c-electron 



-• • • 



(B) LOCALIZATION CLOUD (lattice) 



T, 



kh 



(51) 



In that case, all the spins of the array are coupled through 
a large Jr exchange and the presence of spinons in the 
Heisenberg chain tend to prevent the occurrence of a spin 
gaped phase. It explains why a finite value of Jh tends 
to decrease the Kondo gap. When Jg ^ 0, we also re- 
mark that the preceding analysis in terms of indepen- 
dent localization clouds fails. This case is very hard to 
handle because here the Kondo effect is a S(z) function, 
where z — x + Upi is the Fermi-cone component. In 
the x-space, it is not obligatory a local coupling and fi- 
nally it is difficult to give a sense to the very large length 
scale ^uh ~ VF/Tkh- But anyway, we do not predict any 
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irrelevant operator in n — > I /Tkh- Indeed, due to the 
Heisenberg exchange term, we have the constraint: 



h h 

T H = -r- « T k h = 7fT- 

JH J-kh 



(52) 



As soon as a spin is liberated from the Kondo process, it 
is immediately re-submitted to the Heisenberg exchange 
term. In that context, the coherence in the spin array is 
due to the bare exchange Heisenberg term which rather 
favors massless spin excitations. This allows the Kondo 
process to remain relevant at zero temperature. The 
hole-doped ID HKLM is indisputably ruled by a metallic 
behavior and a Kondo gap J|(| . 

Conversely, for Jjj = 0, one can easily predict that 
the Kondo effect cannot survive at the fixed point, due 
to these strong residual interactions between r-spins 



1/T, 



(imp) 



» T 



(imp) 



The low-energy physics will be 



inevitably governed by a singlet state formed by the r- 
spins. We rather suggest the existence of another energy 
scale in the Kondo lattice, defining the energy scale at 
which all the r-spins mutually screen one another, and 
finally at which the notion of localization cloud vanishes . 



B. Heavy-fermion behavior and magnetic instability 

The Kondo energy is quantified and finally, the time 
required to engender a coherent state between all spin 
impurities can be estimated as: 



T coh = ZT k 



(53) 



It is approximatively the time that spends a c-electron 
to interact with z magnetic impurities around it. Each 
visited spin is supposed to immediately give rise to a 
bond singlet state with another liberated spin in view 
to remain delocalized at the Fermi level. Then, using 
the equality T co h = the Kondo description should 

vanish at [Blfl: 



(imp)i2 



E e -**t/JK 



(54) 



In that sense, the Kondo effect engenders a coherence be- 
tween the spins of the array; but, it is different from that 
obtained at half-filling. The coherence is now created by 
successive spin flips with rare c-electrons and may only 
occur at very low-energy. Curiously, we can remark that 
the two temperatures Tkh and T co h are very close ome 
from another. 

In the one-impurity Kondo model, the essence of the 
Kondo effect is the formation of bond states between 
localized moments and conduction electrons. In the 
Kondo lattice, away from half-filling, the essence of the 
Kondo effect is rather the formation of a "singlet bond" 
state formed between spins of the array. At the co- 
herence, localization clouds disappear and singlet bonds 



can be formed between two spins at a distance up to 



z a >> £j one from the other. The range of 



the spin-spin correlations is then considerably enhanced: 
(r(x)f(O)) ~ const, for x < £ co /i. The spin degrees of 
freedom of the resultant fluid are essentially those of 
the f-electrons. Unlike the one-impurity Kondo model, 
we predict the disappearance of elastic scattering at the 
Fermi level. The f-electrons are all paired together at the 
Fermi level, where rare c-electrons are also present. As 
soon as T — > T co h, the composite object (ra^cp is then 
expected to behave as a single object, represented by its 
contraction as a single fermionic object f at the Fermi 
level §2): 



(™fl) c /3 = fa 



(55) 



Since the f-electrons are paired together, the contraction 
of the Kondo exchange term gives finally rise to a reso- 
nant hybridization between f and c-electrons: 

T^[c]{S.r)c + {h . c )]^Tt p) [c]f j + (h.c)} (56) 

Unlike the weak-coupling regime, the Kondo exchange is 
ruled by T^ lmp ^ in the spin gaped phase. It may give an- 
other meaning to the energy scale T co h- It characterizes 
the crossover between the Kondo regime and the follow- 
ing valence fluctuation regime. Due to the hybridization 



term V e ff = T f 



(imp) 



the delocalized f-electrons are gov- 



erned by the one-body Green function: 



(/ + (M)/M)>=£ 



iw n - iTcohsgnWn 



(57) 



This leads to a free energy variation: 

SF (T)oc f ^/(^[tan" 1 ^)] (58) 

J 7T LU 

f(u>) is the Fermi distribution function, and finally a 
heavy-fermion behavior characterized by the huge spe- 
cific heat SC/T oc l/T co h and susceptibility 8\ oc l/T co h- 



valence fluctuation regime 



progressive liberation 
of the spin array 



Heavy-fermion i Kondo phase 1 free electron gas 



Tcoh 



T (imp) 



FIG. 6. Cross-over from the Kondo phase to the valence 
fluctuation regime in the Kondo lattice away from half-filling. 

The heavy-fermion character is considerably enhanced 
compared to the one-impurity case. The free energy vari- 
ation SF(T) is in fact the same which rules the fixed 
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point of the Kondo impurity problem in the anisotropic 



limit Jk± 



rp(imp) 



« Jkz- The energy level of the 



delocalized magnetic impurities is enlarged to T co h\ this 
problem becomes isomorphic to the well-known resonant 
level problem. Then, we may predict an universal Wilson 
ratio: 



p _ C 5 x /xo _ 9 
Kw C os 5C/C 



(59) 



in the Kondo lattice away from half-filling. As in the one- 
impurity problem, it simply measures the ratio of the free 
electron gas specific heat C = C os + C oc = 2C os coming 
from the spin degrees of freedom (Appendix C). 

Here, heavy-fermion quasiparticlcs are obtained due 
to the small admixture of f-electrons at the Fermi level 
by c-electrons: ip^ = cosa^c^ + sinak/ko-, with the 
Hamiltonian H = E k ipl a .ipk a and: 



tana(.E) = 



T, 



(imp) 



\E\ 



(60) 



We have the two following constraints: ak=o = and 
ttk=k F ~ 7r /2- The wave function can thus be divided up 
into two parts: a part dominated by free conduction elec- 
trons and a part dominated almost exclusively by f-spins. 
Near k — ^ hp, the phase shift is maximum and shows the 
prevalence of f-electrons; the scattering is resonant. We 
finally predict an enlarged Fermi surface whose enclosed 
volume counts both the c-electrons and ip quasiparticlcs. 



V. CONCLUSION 

In this paper, the ground state of the one-dimensional 
Kondo lattice model has been completed in the weak- 
coupling regime, using the non-Abelian bosonization. 

At half-filling, we obtain a particular Kondo insula- 
tor, namely the Spin Density Glass state. It consists of 
a q = it Spin Density Wave weakly pinned by a quite 
antifcrromagnetically ordered spin array. 

• The resulting spin system yields a magnetic insta- 
bility at the wave vector number q = ir. On the other 
side, this Kondo insulator shows a gap both in charge and 
spin excitations, which varies linearly with the Kondo ex- 
change Jk when the electrons are non-interacting. On- 
site repulsion between electrons increases excitation gap 
as Jk^ 3 Kp) where K p = 1 — Uir/vp is the charge pa- 
rameter of the ID electron gas. At half-filling, backward 
Kondo scattering processes are very coherent and leads to 
a magnetic like localization of the one-dimensional elec- 
tron gas. The Kondo coupling allows to lift the high 
degeneracy of the impurity lattice by "ordering" anti- 
ferromagnetically the spin array. We have also studied 
the stability of the SDG state in presence of randomness. 
The Anderson localization by disorder takes place only 



when the pure ID electron system yields an enhanced 
Charge Density Wave. However, it is important to men- 
tion that no stable fixed point can be found when con- 
duction electrons are supposed to be non-interacting. 

• A large Heisenberg exchange coupling between spins 
of the array destroys the magnetic instability and the 
ground state rather resembles the so-called quantum dis- 
ordered spin liquid state of the two-leg spin ladder sys- 
tem. Spin excitations are still triplet, but the spin gap or 
the well-known Haldane gap decreases due to the promi- 
nence of quantum fluctuations. Such a state is now very 
sensitive to quenched disorder. 

Away from half-filling, the 2fcp oscillation is not com- 
mensurate with the lattice and a fascinating metal- 
insulating transition is previous to take place. In the in- 
commensurate limit, the forward Kondo scattering term 
becomes then relevant. As in the one-impurity Kondo 
model, we observe the existence of a Kondo phase ruled 
by a metallic behavior and the very small spin gap 
rp{imp) ^ exp(— Tit/Jx ), where t is the hopping term. 
Away from half-filling, only conduction electrons near 
the Fermi level are supposed to participate in the Kondo 
effect and quantum fluctuations become crucial. 

• Unlike the strong coupling regime, the notion of un- 
paired localized spin becomes meaningless. The physics 
in this Kondo phase may be rather thought as a col- 
lection of independent "localization clouds" of size & = 
Vf /T^ mp \ inside which a single conduction electron is 
trapped by t/T^ mp ^ impurities. In a given localization 
cloud, successive spin flips with the same conduction elec- 
tron generate strong antiferromagnctic interactions be- 



tween spins of the array in 1/T, 



(imp) 



> T, 



(imp) 



As a 



consequence, this Kondo phase ruled by singlet bonds 
between conduction electrons and spins of the array can- 
not survive at the fixed point. 

• We have rather obtained the formation of a singlet 
bond state formed between spins of the array at the very 
low energy scale T co h ~ [T[ lmp ^] 2 /t. This spin system 
also yields a quite long-range antiferromagnctic polariza- 
tion. From this point of view, strong coupling in the 
Kondo lattice away from half-filling is not so much a 
binding of conduction electrons to local moments, but 
rather a liberation or derealization of the magnetic mo- 
ments. Therefore, at the fixed point, the contraction of 
the Kondo exchange gives finally rise to a resonant An- 
derson hybridization leading to a normal heavy-fermion 
state. Finally, the fixed point becomes isomorphic to that 
of the one- impurity Kondo model in the anisotropic limit 
Jk± = T^ mp ^ « Jkz- The analogy with resonant level 
problems becomes then essential: the spectral width of a 
liberated impurity is enlarged to T co h- 

• Finally, we have formulated scaling arguments to 
show that this heavy-fermion state is very unstable by 
the introduction of a Heisenberg exchange between spins 
of the array. Here, an interesting phase with a spin gap 
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but no charge gap subsists at zero temperature, as ob- 
tained in ref. |30f|. 



APPENDIX B: EFFECTIVE ACTION OF 
THE HEISENBERG-KONDO CHAIN 
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APPENDIX A: TEMPERATURE DEPEN- 
DENCE OF THE CONDUCTIVITY 

For a single impurity f located at x — 0, the term A3 
should obey 



dlnL 2 



2ttvp 



(61) 



A3 is here expected to become strong, at the temperature 
scale |f$3|: 



T, 



(3o) 



/U 



(62) 



Unlike the Kondo lattice problem, the staggered operator 
A3 is only relevant for U > Jk- In the other cases, we 
obtain the usual Kondo behavior ruled by the forward 
scattering term A2. When U is sufficiently large, the 
impurity becomes sensitive to the 2k p polarization in 
the electron gas, and the magnetic localization length 
becomes equal to: 



>> £ c 



(63) 



A single magnetic impurity introduced in a TL liquid, do 
not easily manage to trap a q = 2kp SDW. The conduc- 
tance of the one-dimensional electron gas, in the presence 
of this single impurity, is already disturbed for L < £j mp : 



SG imp (T) = G imp (T) -G ~ A§(T) cx T 



Ka-l 



(64) 



The resistance follows K(T) = l/G imp (T) = 1/G a + 
T k p~ 1 . Suppose now that, in the Kondo lattice, the 
magnetic impurities were totally disconnected in the 
delocalized phase. It would give the total resistance 
K to t(T) ~ LT K "^ 1 , and a conductivity: 



a d (T) = LK^(T) = [5G imp (T)Y 



(65) 



It is not equal to the conductivity cr(T) obtained in the 
Kondo lattice by a direct calculation. It confirms that in 
the weak-coupling regime the impurities are submitted 
to short-range polarization effects due to the renormal- 
ization of A3 , which enhance the DC conductivity. When 
U — > 0, the conclusion is still more obvious since the 
q = Kondo process generates logarithmic corrections 
at high energy. 



To study in more details the spin sector, we replace 
the charge operator by its non-universal value K = 

A 3 (cos(V27r$c))- K varies linearly with T^ 3) . To make 
the calculations simple as possible, we consider the par- 
ticular constraint Jh = t. We also use the representation 
of J c ,(l,r) m terms of the matrix g: 

Jc,L = -—tr[d-ggt.a\ J C:R = ^-tr[g ] d+g.a] (66) 

Z7T Z7T 



Then, the spin action comes out as: 
S = W(f) + W(g) 

- — J dx tr(gla)tr(f.a) + (h.c) 



(67) 



x = (x,VFt), and W(f) is the following Wess-Zumino- 
Witten action: 

W(f) = ^Jdx trd^fd^p - T(f) (68) 

where u 2 cx Vp 1 . T(f) is the topological functional: 
k f°° f 

r (/) = - J o d t J dx ^trfd^ffd^ffdxf (69) 

It is convenient to consider the action rather than the 
Hamiltonian because topological effects are expected to 
be prevalent in such dimensional spin systems. We re- 
mind that k = 1 for a Heisenberg chain as well as a 
one-dimensional electron gas; k is not submitted to renor- 
malization, and more especially it is defined "modulo 2" . 
It gives power laws for the spin-spin correlations of both 
the Heisenberg chain, and the one-dimensional electron 
gas. 

We notice that Si n t = —Hi nt . The form of Si n t indi- 
cates that all spin modes are gaped. Now, we substitute 
(/ = ga') in the above action in view to separate sin- 
glet and triplet excitations in the spectrum. We use the 
identity: 

tr(f.a)tr(g.a) - .9) - \trfi.trg (70) 



and the approximation: 



trp .trg ~ y T^.trg — tra 



(71) 



By construction, the terms in trg and tra have an oppo- 
site sign. Then, the interacting part of the action can be 
summed up into: 



Sint 



T^hra 



1 



(3) 



3/2 



.trg 



(72) 



With the Abelian bosonization language, we obtain that: 
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tra = tr(pg) ~ 2cos(V47T0_) + 2cos(v / 4^>_) (73) SH = X 1 ic{ a d x c La S(x) - X 2 c[ T c LT c[ i c Li (5(a;) (76) 



It confirms that tra has the scaling dimension 1 (and 

(91 

not 1/2) and then (tra) ~ Tt . Using the Majorana 
fcrmionic representation (p, £) introduced by the authors 
of ref. f2g| l to distinguish triplet ^-excitations and sin- 



glet p-ones, we find that the operator 



3 rp 

'4 1 k 



(3) 



tra simply 



gives the (expected) mass M = -3T^ for the singlet 
branch p. We conclude that, first, the a field takes into 
account high-energy spin excitations only. Second, with 
the used (a,g) non-Abelian representation, we have com- 
pletely separated the singlet and triplet excitations. 

At long distances (L » [T^] -1 ), the matrices / and 
g are traceless: the system behaves as a system of two 
coupled identical spin chains. The asymptotic behavior 
should be governed by an action of type 2W(g), defined 
by u = it/\/2, and the topological number k = [mod 2]. 
To prove that explicitly, it is enough to remark that: 



W(f) = W(gai) 



W(g) + W(a) 

— tr f dx q^dj 
8tt J 



(74) 



ga 



Although the action W(a) is ruled by k — 0, we can 
check that its kinetic term has no influence on the low- 



energy spin excitations: u 1 << 



A coupling like 



(d-a.g^) cannot be no longer relevant at long distances. 
The low-energy spin sector is finally well-modeled by an 
action of type: 



2 
4u 2 



j dx trd^gd^ - 7 pf ' 



3/2 



trg (75) 



7 = 1/2 with the used conventions. Due to the massive 
term trg, the invariance per translation is now broken. 
This effective action remains available in the case of the 

(3) 

spin S=l chain; in that context, Tt ~ t = Jh ■ 



APPENDIX C: SCREENING CLOUD IN 
THE IMPURITY KONDO PROBLEM 

In the one-impurity Kondo model, the electrons partici- 
pating in the formation of a singlet located at the impu- 



iimp) 



This 



rity site may lie within a distance £j = vf/T^ 
is a length that is far greater than the lattice spacing, 
and finally it forms a real "screening cloud" around the 
impurity site. The low-behavior seems trivial; the impu- 
rity has disappeared from the low-energy physics. But, 
certains interactions between electrons are generated in 
the processes of eliminating the impurity spin. The fixed 
point analysis can be made using a one-dimensional map- 
ping of the Kondo Hamiltonian, formulated with left 
movers only. Then, it has been shown that much of the 
interesting behavior comes from the two following irrele- 
vant operators p5|,p6|: 



An irrelevant operator is defined by a scaling dimen- 
sion d^l. In ID, the scaling dimension of a fermion is 
[c] = 1/2. Ai and A2 are then irrelevant operators and 
[Xi] = — 1, meaning that they vary as the inverse of an 
energy. Since we investigate the physics at a distance 
L — > +00, interactions in the screening cloud can be mod- 
eled by S functions. Nozieres |2[| argued that they have 
an universal ratio R\y ("the Wilson number"); there is 
a single unknown parameter. To keep the invariance per 
rotation, Affleck |^6| finds that A1/A2 = 2 = Rw and fi- 
nally, SH can be summed up into the spin current term: 



SH = SH S = Ai : J c<L (x)J c<L (x) ■ (77) 

Since this analysis is only correct for T < y^ mp ) ; we 
deduce that Ai cx \/T^ mp \ At the fixed point, the spin- 
charge phenomenon survives but strong spin-spin inter- 
actions in the screening cloud rescales: 



Jl(x) J L (x)Jl + 



3Ai 
2irv fL 



(78) 



where S(x) ~ 1/L. Finally, the termodynamics is re- 
ally affected by the strong electronic correlations in the 
screening cloud: 



X(T,\l) = -^([j <l.r JjJ-r}} 2 ';,, 



(79) 



[1 -I 3Al 1 r 

1™ F (\j dx Jl(x)] 2 ) Xi = 
. 3Ai . 

[1 + o 71X0 = Xo + bx 



and, 



(80) 



{l + ir - L T )C os = C os + 5C 



where x.o — L/2ttvf and C os = itL/3vf are the suscepti- 
bility and the specific heat coming from the spin degrees 
of freedom in the free system; they vary as L/vp- We ob- 
tain a heavy- fermion behavior ruled by SC /T cx 1 / T^ mp ^ 
and Sx oc 1/ j^ lmp ) . The Wilson number can be finally 
reexpressed as: 



R 



w 



Co_ 

Cos 



$x/xo 

SC/Co 



(81) 



It simply measures the ratio of the total specific heat 
Co = C os + C oc = 2Co 5 coming from the spin degrees of 
freedom. 
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Finally, due to the importance of quantum spin fluctu- 
ations, a single located impurity manages to capture all 
c-electrons near the Fermi level. It modifies drastically 
the low-energy physics of the ID electron gas: bare free 
electrons turn into free heavy- fermions. Finally, we want 
to insist on the fact that the fixed point properties are 
simply ruled by the dimensionless "magic" number: 

£a Range scale of irrelevant operators 
^ L Fixed length scale 
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